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Abstract. We study the composition operators on an algebra of Dirichlet 
series, the analogue of the Wiener algebra of absolutely convergent Taylor series, 
which we call the Wiener-Dirichlet algebra. The central issue is to understand 
the connection between the properties of the operator and of its symbol, with 
special emphasis on the compact, automorphic, or isometric character of this 
operator. We are led to the intermediate study of algebras of functions of several, 
or countably many, complex variables. 
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1 Introduction 

Let v4+ = A+(T) be the Wiener algebra of absolutely convergent Taylor 
series in one variable : / e if and only if 

oc oo 

It is well-known that is a commutative, unital Banach algebra with spectrum 
K), the closed unit disk. If : D ^ D is analytic, the composition operator 
with symbol (j) is formally defined by Ctp{f) = f o cf). 

Newman [20] studied those symbols generating bounded composition op- 
erators : , and proved in particular the following: 

(a) maps v4+ into itself if and only if e v4+ and ||(/>"|U+ — 0(1) as 
n — > cx) (e.g. (j){z) = 5~"'^/^(l + z — z^)): this happens if and only if all 
maximum points 9q of |(?!)(e**)| are "ordinary points", i.e. if and only if we 
have, as t ^ 0: 

log0(e'(^«+*)) ^ ao + ait + aut'' + • • • , 
where k > \ and afc 7^ is not purely imaginary; 



(b) if moreover |0(e**)| = 1, one must have (j){z) = az'^ , with \a\ = 1 and 

den- 

(c) : yl+ is an automorphism if and only if = az, with |a| = 1. 
Harzallah (see jl4j) also proved that: 

(d) Ccf, : is an isometry if and only if (j){z) = az'^, with \a\ = 1 and 

deN. 

The aim of this paper is to perform a similar study for the " Wiener-Dirichlet" 
algebra .4+ of absolutely convergent Dirichlet series: / G A'^ if and only if 

oo oo 

/(s) = ^ a„n"^ with |1/|U+ = ^ |a„| < +oo. 

n—l n—1 

is a commutative, unital Banach algebra, with the following multiplication 
(quite different from the one for Taylor series): 



a„n M I ^ bnU M = ^ c„n ^ with c„ = ^ afij 




A~^ can also be interpreted as a space of analytic functions on Co (where in 
general we denote by Cg the vertical half-plane TZe s > 9). The study of func- 
tion spaces formed by Dirichlet series has gained some recent interest (see the 
papers of Hedenmalm-Lindqvist-Seip pTO], Gordon-Hedenmalm jS], Bayart [l], 
[2], Finet-Queffelec-Volberg ^Tj, Finet-Queffelec ^fij, Finet-Li-Queffelec [5], Mc 
Carthy [18]). Now, a method due to Bohr (see for example [21]) identifies 
the algebra A~^ with the algebra A^{T°°) formed by the absolutely convergent 
Taylor series in countably many variables (this point of view, which allows to 
identify the spectrum of A'^ as D , the spectrum of yl+(T°°), has been used 
by Hewitt and WiUiamson [iT], among others, to prove the following Wiener 
type tauberian Theorem : "Jf / G A'^ and |/(s)| ^ S > for s £ Co, then 

1// e A+"). 

Let us recall the way this identification is carried out. Let {pj)j^i be the 
increasing sequence of prime numbers (pi = 2, p2 = 3, ps = 5, . . . ). If 

/(z) = ^ QaZ" with WfW A+iTo.) =^\aa\ < +O0, 

where, as usual, we set a = (ai, . . . , a^, 0, 0, . . .) and z" = z"'^ . . . z"'' for z = 
(zj)j^i, then A: ^+ ^ A+{T°°) is defined by: 

(OO \ OO 

n=l J n=l 
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if n = . . .p"'' is the decomposition of n in prime factors. A is an isometric 
isomorphism. Moreover, we shall need two more facts about A. For s € Cq, we 
set ^I**! = We then have: 

A/(zW) = /(s), for any / e ^+ and any s G Co (1) 
IIA/lloo = ll/lloo for each (2) 

where we set ||/||oo = sup |/(s)| and ||A/||oo = sup|A/(z)|, with B = {z = 

seCo zGB 

{zj)j^i e ; — > 0}. Indeed, if /(s) = ^^j" anU^'^, we have: 

oo oo 

A/(zW) = ^ a„br^)"^ . . . {p;T'' - E ""(^'r ■ --Pr'T' = 

n— 1 n— 1 

On the other hand, let z = {zj)j^i € B. Fix an integer N ^ let k = Tr{N) be 
the number of primes not exceeding N, and Sn{z) — '^n=i '^nz"^ ■ ■ ■ z'^*' , with 
n = ...pi''. Pick a > such that \zj\ ^ pj*^, 1 < j < fc. Due to the 
rational independence of logpi, . . . , logpfe and to the Kronecker Approximation 
Theorem ([E], Corollary 4, page 23), the points {pj^*)i^j^k, t £ M., are dense 
in the torus T*^, so that the maximum modulus principle for the polydisk D*^ 
gives: 

N N 

\Sn{z)\ ^ sup |^a„<V..<'' = sup \Y,(^n{prr' ■■■iPkT" 

ItOihp-" „=1 ■^'2^='^ n=l 

AT N 

= sup a„n~* ^ a„ri" 

Hence H^atIU || Ei 

Letting N tend to infinity gives ||A/||oo ^ 
||/||oo, which proves since we trivially have |jA/|joo ^ ||/||oo- 

In this paper, we use the identification proposed above to obtain results 
similar to (a), (b), (c) and (d) for . This leads to an intermediate study of 
composition operators on the algebras A+(T°°) and A^{T^) (the fc-dimensional 
analog of A+(T°°)). Accordingly, the paper is organized as follows: 
In Section 2, we give necessary as well as sufficient conditions for boundedness 
and compactness of : , and study in detail some specific examples. 

In Section 3, we study the automorphisms of the algebras A+(T'^), yl+(T°°), . 
In Section 4, we study the isometries of those algebras, and we point out some 
specific differences between the finite and infinite-dimensional cases. Section 5 
is devoted to some concluding remarks and questions. 

A word on the definitions and notations: we will say that integers 2 < 
9i < 92 < ■ • ■ are multiplicatively independent if their logarithms are rationally 
independent in the real numbers; equivalently, if any integer n ^ 2 can be 
expressed as n = g"^ . . . g"' , Uj € Nq, in at most one way (e.g. qi — 2, q2 — 6, 
q3 — 30) . We shall denote by V the space of functions ip: Co C which are 
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analytic, and moreover representable as a convergent Dirichlet series '^n'n~" 
for TZe s large enough. V is also called the space of convergent Dirichlet series. 
For example, if V'(s) = (1 ~ 2^~'*)^(s), and Lp{s) — tpi^s — a), is entire, and 
representable as ^!^(— l)""^7i°n^'* for TZes > a. T denotes the unit circle, and 
plays no role in the definition of yl+(T'=) and A+(T°°), although T'= (resp. T°°) 
might be viewed as the Shilov boundary of yl+(T'') (resp. A+(T°°)). As usual, 
we set N = {1, 2, . . .} and Nq = {0, 1, 2, . . .} = N U {0}. Recall that <Ce is the 
vertical half-plane TZe s > 0. 



2 Boundedness and Compactness of Composition 
Operators : 

2.1 General results 

We begin by sharpening Newman's result ((a) of the Introduction), under 
the form of the following (where it is assumed that (j) is non-constant) : 

Proposition 1 The composition operator : is compact if and only 

i/||0||oo = SUp\(j)iz)\ < 1. 

Proof. As will be apparent from the proof of the next Proposition, : 
A+ is compact if and only if as n ^ cx). On the other hand, by the 

spectral radius formula, we have ||0||oo — lini ll^^llV" = inf ||(/)"||V'". That 
finishes the proof. 

Alternatively, we could have applied to fn{z) = a general criterion of 
Shapiro [24]: "C^ is compact if and only if \\C^{fn)\\A+ ~^ for each sequence 
ifn)n in which is bounded in norm and converges uniformly to zero on 
compact subsets of D". □ 

We now turn to the study of composition operators : A'^ A'^ associated 
with an analytic function 0: Co ^ Co- 
We first recall the following: 

Theorem 2 QS, Theorem 4])- Let 0: Co ^ C be an analytic function such 
that k~'^ g T> for k — 1,2, ... . Then we have necessarily: 

4>{s) ~ Cos + <(5(s), with Co e No and Lp ^V. (3) 

We will therefore restrict ourselves, in the sequel, to symbols 4> of the form 
given by |[3]) . To avoid trivialities, we will also assume once and for all that 4> is 
non-constant. 
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Theorem 3 Let cfi : Co ^ C be an analytic function of the form Q • Then : 

(a) (i) if Ccf, maps into itself then n^'^ E and \\n^'^\\A+ ^ C, n = 

1,2,.. ., for a positive constant C independent of n; 

(a) conversely, if (n~'^)'^^i is a bounded sequence in A'^ , then cj) maps 
Co into Co and is a bounded composition operator on A'^ . 

(b) (i) Ca,: A'^ A'^ is compact if and only if \\'n^'^\\A+ — * 0- Then 

n — >oo 

'/'(Co) C Ca for some 6 > Q. 

(a) Assume that 4>{s) — cqs + ^^Cnn"", with I*-"! +oo- Then 
Ccf, is compact if and only if 4>{Ca) Q Cs for some S > 0. 

Proof, (a) («') Suppose that maps A'^ into itself. is an algebra homo- 
morphism and A'^ is semi-simple, therefore (see f22', p. 263]) is continuous. 
Thus: 

ll""1U+ = WC^n'^U^ ^ \\C4 = IIC^II C. 

(ii) Conversely, suppose that n"*^ g A'^ and ^ C, n = 1,2,.... 

We first see that, for s S Co, we have: n''^'"^^'^ = \n-'''^''>\ ||n-'^||oo < 
||'^~'^II.A+ ^ C, whence TZecj){s) ^ Letting n tend to infinity gives 

TZe(j){s) ^ 0, and the open mapping theorem gives TZe(j){s) > 0, since (j) is not 
constant. If now f{s) = ann~'^ € A'^ , the series YlT On"-"'^''*-' is absolutely 
convergent in so that f o cf) e with ||/ o (j)\\A+ ^ J2T ^"111"- ^ 

cErKI-qi/IU+. 

(6) (i) Suppose that C^: A'^ A'^ is compact. Let / G A'^ be a cluster 
point of n""^'^-* = C^{n~'^), and let {nk)k be a sequence of integers such that 
11%^ - /IU+ ^ 0. For fixed s € Co, we have In"*^'^ - /(s)| \\n-^ - /|U+. 
But n^'^^'^^ — > (since TZe (f){s) > 0, by part (a)), so that f{s) = 0. Hence / = 0. 
This implies |in~'^|U+ 0. 

Now, since ||n~"*||oo ^ we get n-'^^f ^'^'^^^^ = II^^^IU ^ 0, and 

so inf TZe (j)(s) > 0. 

Conversely, suppose that e„ = ^ and set Sn — supj,>„efc. Let 

Tn-. A+ ^ A+ be the finite-rank operator defined by (T„/)(s) = J^'Li akk''^^'^ 
if f{s) = J^kLi '^kk"'". We have: 

\\C^.f - TnfWA^ < E \^k\\\k-^\\A^ ^ S„ J2 < ^nll/IU+. 

showing that jjC^ — r„|| ^ (5„, and therefore that is compact. 
(m) For any v e A'^ , and for any real number r ^ 1, we have: 

||r-1U+ ^ rll'^ll^+ . (4) 

Indeed: 

r"" = exp(-i; log r) = ^ "^"'^ v'' G ^+ 
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since v belongs to the algebra . Moreover: 

k=0 

(we may remark that when v{s) — cjj^^ is a monomial, we have equality; in 
particular: = nl'^^l for every positive integer n). 

We shall use the following: 

Proposition 4 (see f^) Let 9 and t be real numbers and suppose that 4> maps 
Cfl into Cr- Then, if 4>{s) = c^s + ip{s) , and ip is not constant, ip maps Cg into 

Now, assume that ip is non-constant (since otherwise the result is trivial), 

and that e = inf TZe (j){s) > 0. By Proposition [4l ip maps Cq into Cg. The 

seCo 

spectral radius formula and Bohr's theory (as seen in the Introduction) give, 
with 1/; = 2^'^: 

.lim = sup \h{i:)\ = sup ms)\ = 2-'; 

j~*+oo hespA+ seCo 

and, in particular, ||2^-''''||^+ — > 0. Now, if n is any positive integer, let 

j = be the integer such that 2^ ^ n < 2^+^, and set r — n2~^ , so that 
1 ^ r < 2. By using (0]), we get: 

||"-1U+ = ll"-^|U+ = ||2-^"^r-^|U+ l|2-^'^|U+ |lr-^|U+ 

||2-^''^|U+rii'^ii.A+ <; ||2-^'^|U+ 2ii'^ii.A+. 

This shows that — > (more precisely, we have — O {n^^) 

n — ^oo 

for some 5 > 0), and so is compact, by part (b) (i) of the theorem. □ 
Remark. Using the notation of Theorem [21 we have: 

ll»^"'*IU+ = ll»^"'^IU+, 

and, in particular, the integer cq plays no role for the continuity or the com- 
pactness of the composition operator on . This is quite amazing, since 
Co intervenes decisively in the study of composition operators on the Hilbert 
space Ti.^ of the square-summable Dirichlet series (so much so that Gordon and 
Hedenmalm ^ called it characteristic^^) . 

oo 

Corollary 5 Let 4>{s) — cqs + ^ Cnn^". Then is bounded if TZeci ^ 

n=l 

oo oc 

\cn\, and is compact ifTZeci > ^ |c„|. 

n=2 n=2 
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Proof. Let ipo G be defined by <^o(s) = J2'^=2^nn For each positive 
integer N, we have: iV-"^('*) = (^N''°)-''N-''^N-f°'^''\ and so the inequaUty ^ 
with r = N gives: 

thus ||^~"^||^+ is less than 1 in the first case, and tends to in the second case. 
Theorem [3] ends the proof. □ 

Note that under the assumption of Corollary [H : A'^ is actually a 

contraction: HC^H ^ 1. 



2.2 Some specific examples 

One of the main differences between the study of composition operators on 
^+ and those on yl+(T) is the fact that the function z 1-^ z does not belong 
to A'^ . Therefore, it is not clear that if is a composition operator on A~^ , 
we must have J2n I*-"! ^ +00. In some cases, it is however true. The next 
proposition contains a partial result of this type. 

Recall (see [H]) that is a Sidon set if 

N N 

|aj I < Co sup y2 flj-e*^^* 

for some finite positive constant Cq. 
Proposition 6 

(a) // 2 ^ gi < (72 < • • • are multiplicatively independent integers and 0(s) = 
Cos + ci + J2j=i djqj'^ , then the houndedness of C^: A'^ — > .4+ implies 
TZeci ^ J2'jL2 Mi I J ^'^^ '^^^ compactness implies TZeci > X]^2 Mil- 

(b) Let (Aj)j^i be a Sidon set of positive integers, r an integer ^ 2, and 
(j>{s) = cqs + ip{s), where (p E V and (p{s) = ci + djr^^^'' for TZes 
large. Then the houndedness of Ccj,: A'^ A'^ requires that X^j^i Mil < 
+00. 

Proof, (a) Write (po{s) = X^jli '^jq]'^, as in the proof of CorollarylH For every 
integer n ^ 2, we have, for TZe s large enough: 

^ /' 1 

fc=0 

Since is assumed to be bounded on A'^ , we know that n^'^ E A'^ , and so: 

00 00 
n-<t>(s) ^ ^a„Jj~^ with ^ |a„j| < +00. 
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But the supports (spectra) of the ip^'s do not intersect: in fact, the spectrum 
of (Pq only involves finite products Y[j <lj' ) where ^ aj = k, and these products 
are all distinct. In particular, for fc = 1, {—\ogn)ipo{s) is part of the expansion 
of n~"*^'*\ which means that {—dj log n)j is a subsequence of {anj)j. Therefore, 
J2j Mil < {and so e -4"*"), and the series expansion of fois) holds for 
every s g Cq. 

Finally, since the logq^'s are rationally independent, Kronecker's Approximation 
Theorem impHes that, for each cr > 0, we have: 

oo 

inf TZedia + it) = cncr + TZeci — > IdjlqJ'^ . 

Since the left-hand side is ^ by the first part of Theorem [H we get TZe ci ^ 
'^JLi by letting a go to zero. The compact case is similar. 

(b) We have (see [17]): 



N N 

f 



i'^i pi ^^^^^^ '^-sj^pi 



for some other constant S > 0, where the pj's (non-negative) and the (real) ^j's 
are arbitrary. Without loss of generality, we can assume that r = 2. Fix an 
integer J ^ 1, and let i? : M ^ (see [H], p. 165) be a non-negative Dirichlet 
polynomial (of the form ^a^e*''''*, (3k S M, afe e C) such that: 

B(0)==B(A,log2) = l, l^j^J (6) 

(recall that B{X) = lim ^ J^^^ B{t)e-'^* dt). 

For large cr > 0, we have an absolutely convergent expansion: 



(fiia + i{t + r)) = ci + ^ dj2-^^'^2-^^"e 



— iXiT log 2 



SO that, for TZe s large enough (say TZe s ^ (Tq > 0): 



^ / + '^^^^^^ dr = ci + d,2-^.^B(A, log 2). (7) 

^ —T A — 1 



Actually, ([71) holds for every s with positive real part a. To see this, set: 

T 
T 



1 

his) ^ ^ J ^(p{s + lT)B{T)dT. 



Proposition[4]shows that TZe (p{s+iT) > for s G Co, and thus that TZe /t(s) > 
for s e Cq. Moreover, fx as well as the right-hand side of |[7]), since is a 
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Dirichlet polynomial, are holomorphic in Co; hence a normal family argument 
gives the above statement. 

Therefore, if we take the real part of both sides of ([7]), we get, for every 
(7 > and t e M: 

7^ecl +^2-^^'"7^e(^^J2-^^**i?(AJlog2)) = lim Tie fria + it) ^ 0. 

Letting a tend to zero gives: 

TZeci+Y^ Tie {dj2-^^'*B{Xj log 2)) ^ 0, for any t e M. 

Taking the infimum with respect to t and using (O, we get: 

oo 

Tleci-S^ldjl |i?(Ajlog2)| ^ 
i=i 

and therefore, using ([6]): 

J 

7^ecl -S^\dj\ > 0. 
It follows that X^jli Mjl ^ jT^sci, and this ends the proof of Proposition 

m □ 

Remark. The above proof gives the following information about Dirichlet 
series, which is actually not connected to composition operators: let ip be a 
Dirichlet series which can be written as (p{s) = ci + djr~^^^ , where {Xj)j 

is a Sidon sequence; if there is a /S gM. such that (fiCo) C Cp, then Mjl < 

+00. 

However, in general, conditions like J2n>2 I*-"! ^ 'R-eci (resp. < TZeci) are 
not necessary to have boundedness or compactness of the composition operator 
Cff, : A'^ —+ A'^ (with (f){s) — cqs + ci + J2n>2 ^n"-"*), as shown by the following 
examples. 

Proposition 7 Let (j){s) — cqs + ci + Crr^'^ + c^^r^'^'^ , where r ^ 2 and Cr, c^i 
are > 0. Then: 

(a) If we have 

(c )2 

7^ecl > +c^2, (8) 

C(j) : A'^ A'^ is bounded and even compact. 
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(b ) Conversely, if C(f, : is bounded, and moreover Cr ^ 40^2 , we 
must have 

Tie Ci ^ — h Cr2 . (9) 

00^2 

In fact, we must have whenever is compact. 

(c) If 

(c 

7^ecl = +c^2, (10) 

OCr2 

then : is bounded if and only if Cr ^ 40^2 . 

Proof, (a) and (b) follow immediately from Theorem [31 since ([H implies 
TZe(j){s) > coTZes + S ^ S for every s € Co, with S = TZeci — [-^^-^ + ^r^], 
and, under the assumption that Cr ^ 4cr2 , the converse is true. □ 

However, we shall give another proof, because we think that it sheds addi- 
tional light. 

Second proof. 

(a) Without loss of generality, we may and shall assume that r = 2. We will 
make use (see [l6l p. 60]) of the Hermite polynomials Hq, Hi, . . . defined by: 

Hk{\) = (^'"^') " (2A)'' + terms of lower degree. (11) 

The exponential generating function of the iJ/c's is: 

g E^^k ^ (2Aa; - x^) . (12) 

fe=0 

Following Indritz [13], we have the sharp estimate 

\Hk{X)\ ^ (2'=A:!)i/2e^'/2^ (13) 

for each fc e No and each A e R. The estimate (fT3l) impHes the following: 

Lemma 8 Let X be a real number, and x be a non-negative real number. Then 
we have: 

fc=o ■ ^ 
where C is a positive constant. 
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Proof of the Lemma. ifTSj) implies that: 

|gfc(A)| .^ixV2l_ 
^ k\ ^ ^ (fc!)i/2 

fe=0 fc=0 ^ ' 

We now make use of the classical estimate (see e.g. Dieudonne [H p. 195]): 

^ylf- - — (27r)^2/^exp(rai/P) as y -> oo (p > fixed) . (15) 

Using the above, with V = \ and y = a;V2, we obtain for some constant C : 
^ — ' k\ 

k=0 

proving the Lemma. □ 



Note that, if we wish to avoid the use of (flSl) . we can easily obtain the 
slightly weaker estimate: 

£ ^^^TT^^'' ^ exp (ax^ + , for each a > 1. (16) 



fc! - " - I '2 

fc=0 ^ 



Indeed, we have by the Cauchy-Schwarz inequality and by |(T^ 

V |gfc(A)| ^ \H,{\)\ {2af/^x^ 

k\ ^ (fc!)i/2(2a)fe/2 (fc!)i/2 

k — k — 



1/2 

^ e^'/2(^a-^) exp(aa;2) 

fc=0 

We now finish the proof of Proposition [7l First, we notice that: 



We then set: 



n = (n''°) ''^ exp (-C22 *logn-C44 ^logn) 



c„ = ^/cilogn, A„ = — -^yiogn, a; = 2 ""xn, (17) 



which allows us to write n '^^^'^ under the form: 

k=0 
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This implies that we have the equahty: 



k=Q 



\Hk{^n)\, 



kl 



(18) 



If we now use Lemma [8] and change C (if necessary) , we get for n > 2 : 

|ln-^|U+ < C7i-^'=^^(logn)V4exp {xl + ^) 

= C(logn)i/''7i-^"in^+"'' e„. 

By |[8]), we have e„ — > 0, implying that : ^+ ^ ^+ is compact as a conse- 
quence of Theorem [31 

(b) The identities ifTS]) and lfT2|) imply that we have, for each real 9, 



L4+ 



E 

fc=0 



HkjXn) k ike 
k\ " 



|exp(2A„a;„e'^ -x^e^'^ 



= exp (2A„x„ cos — cos 20) . 
Setting f = cos 9, we see that 

2\nXn C0S9 ~ xf^ COS 2(? = 2\nXnt — x'^{2t'^ — 1) 



is maximum for t = = , and this t will be admissible if 
C2 ^ 4c4 (recall that 02,04 are positive). For this value of t, we get: 



-C2 
4C4 



^ 1, i.e. if 



ll"'1U+ 55 + n = l,2,... , C2<4c4. 



(19) 



Now, if is bounded, ||n "^11^+ is bounded from above, and l|19p implies that 



TZe ci ^ 



(C2) 



I C4. If is compact, ||n — > and lfT9|) implies that 

□ 



Remark. Condition ([8]) is a more general sufficient condition for the bounded- 
ness of than the ''triviar sufficient condition TZeci ^ |c2| + |c4| of Corollary 
[5] if and only if Or < 80^2 . This might be due to the highly oscillatory character 
of the Hermite polynomials Hk{X), involving a term cos (v2fc + lA — fc^) (see 
[TBI P- 67]), which we ignore when we majorize \Hk{X)\ as in lfT3|) . 



End of proof of Proposition [7l (c) We still assume that r = 2. First, if 
C2 > 4c4, then l|10p implies that (/)(Co) C for some 5 > 0, and we are done. 
So, we assume that 02 ^ 4c4. We have: 

|l(2^-)-^IU+ = P-'^A^ = ll(2-^^-=^^"^-=^^"°)^IU+ 

= ||(exp[(-ci-C22-^-C44-^)log2])^||_^^ = I|V^^IU+(t), 
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with 

i/)(z) — exp ( — (ci + C2Z + C4Z^) log 2) . 

We then apply Newman's result (quoted as (a) in the Introduction: see [20]) to 
check whether the sequence (|| V''' |U+(t))j is bounded. Let 6*0 G [0,27r[ be such 
that I -0(6**") I = 1. We look for the coefficient of in the Taylor expansion of: 

logV'(e*^''+'*) = -(ci + cae^'^^e** + c^e^'^" e^"^) log2. 

This term is: 

(|e^«o + 2c4e2'^«)log2, 

and its real part is: 

cos6'o + 2c4(2 cos^ 6*0 - 1)) log 2. (20) 

Now, remark that the condition \'^[e^^°)\ ~ 1 means that: 

7?.eci = — C2 cos^o ~ €4(2 cos^ 6*0 — 1), 

which gives, using (fTO|) . (4c4cos0o ^ c-if = 0, that is cos^o = Hence l(20l) 

is equal to if and only if C2 = 4c4. 

But in this case, 6*0 = tt, and Taylor's expansion becomes: 

logV'(e*^^''+*^) = di + d2t + Q.t^ + i\og2^t^ + • • • 

Hence, in Newman's terminology (see [20], and see (a) in the Introduction), the 
point e*^" is not an ordinary point, and so the sequence (HV'"' |1 a+(t))j is not 
bounded. It follows that the sequence (||2~-''^||^+)j is not bounded either. 

In the case C2 < 4c4, the point e'^" is ordinary, and so (||2~-''^||^+)j is 
bounded. Since Yin = |ci| + |c2| + |c4| < +cx), the argument used in the 
proof in Theorem [3l (h) (ii) gives the boundedness of C^. □ 

Remark. Part (c) of Proposition [7] shows that, if TZeci — + 0^2 and 

Cr — 4cr2 (so TZe ci — 3c4, and V'(s) — ia + c(3 + 4 • 2^^ + 4^'*), with a S E and 
c > 0), then is not bounded on .4+, though (/'(Co) C Co (and J2n 1*^" I ^ +00) • 

3 Automorphisms of ^+(t^), A+{t°^), ^+ 

In this section, we will make repeated use of the following Lemma (see (b) 
of the Introduction): 

J 

Lemma 9 Let 4>{z) — Y\ e^j— where \ej\ — 1 and aj G D. Suppose that 
l|0"IU+ remains bounded (n — 1,2, . . .) . Then, aj = for each j . 
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Proof. This Lemma is well-known (see [20] page 38, assertion (3), or [14], page 
77). For example, if aj ^ for some j, we have 0(e**) = e^^^^\ where 17 is a 
C^, real, non affine function; and the Van der Corput inequalities show that we 
even have: ^ □ 

Since |0(e**)| = 1, Lemma [9] can be viewed as a special case of the following 
Lemma (which will be needed only in Section 4, but which we state here because 
it is the natural extension of Lemma [9]), due to Beurling and Helson, and this 
Lemma is itself a special case of Cohen's Theorem (see [22], page 93, corollary 
of Theorem 4.7.3). We shall use the following definition: 

Let G be a discrete abelian group, and F be its (compact) dual group; the 
Wiener algebra ^(F) is the set of functions / : F ^ C which can be written as 
an absolutely convergent series 7(7) = an{xn,l), with the norm ||/|U(r) = 
Iflnl, and where (a;„,7) denotes the action of 7 G F on the element a;„ of 
G. We are now ready to state: 

Lemma 10 (Beurling-Helson). Let G be a discrete abelian group, with con- 
nected dual group F. Let (p G ^(F), which does not vanish on T, and such that 
||0"IU(r) ^ G for some constant G (n = 0, ±1, ±2, . . .). Then, (p is affine, i.e. 
there exist a complex number a with |a| = 1 and an element x of G such that 
</>(7) = a{x,j) for any 7 G F. 

Let us now consider the Wiener algebra yl+(T'^) in k variables, i.e. the 
algebra of functions / : B ^ C which can be written as: 

f{z)= X! a(nl,...,nfe)2"^..z^^ z (zi, . . . , z^), 

ni,...,nfc^O 

with the norm 11/11 ^+(Tfc) = J2 |a(ni, . . . , n^)] < +00. 

ni,...,nfe^O 

If = . . . ,(j)k) : ^ C'^ is an analytic function, the composition 
operator will be bounded on yl+(T'°) if and only if : 

I10"IU+(T-) < G, j = l,...,fc, and n = 0,1,2,... (21) 

(the proof is the same as in Newman's case fc = 1). 

Then, since ||0i||oo = lim \\'f'l\\^A + iTk\, we see that necessarily maps D*^ 

k 

into D . We can now state: 

Theorem 11 Assume that the map </): D'^ ^ d'^ induces a bounded operator 
G^: A+(T'^) ^ A+{T^). Then G4, is an automorphism 0/ A+(T'=) if and only 
if 4>{z) = (eiZo.(i), . . . , efeZCT(fe)) for some permutation a of {1, . . . , fc} and some 
complex signs ei, . . . , e^. 

Proof. The sufficient condition is trivial. For the necessary one, we first ob- 
serve that, for j ~ 1, . . . , k, (pj E j4+(T'^), since 4>j = G^{zj); hence cj) can be 

k k 

continuously extended to a continuous map, still denoted by 0, from D to D . 
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We are going to show that this map is bijective. 

Assume first that a, 6 e D and that (/)(a) = (/)(6). Let / G A+i^) ; since is 
bijective we can find g € A^{T'') such that f = go (j>, so that /(a) = f{b). Since 

A+(T'^) obviously separates the points of D , we have a — b. In particular, 
cf> is injective on D*^ and by Osgood's Theorem (see [19], Theorem 5, page 86) 
det((/)'(z)) ^ for each z G implying that (f> is an open mapping on D*^. 
Therefore, C D*^. 

Now, let u e D . Define an element L of the spectrum of A+(T'^) by L{f) — g{u) 

ii f = g o (j>. Since the spectrum of A^{T'^) is clearly D , we can find a € D 

such that L{f) = f{a), so that (7(0(0)) = g{u) for any g E A+(T'^), implying 



u — <j){a). (j) is therefore a homeomorphism : D ^ D . 

Since (^(d'') = d'' and (t){0^) C we get (/-(D'') = D'=. In particular, 
(j) e Aut D*^, the group of analytic automorphisms of D . 
Recall that (|19j. Proposition 3, page 68): 

Lemma 12 The analytic map 0: D'' ^ D*^ belongs to Aut D'' if and only if 
<p(^) = ei-j = ' ••■>£*; 



/or some •permutation a 0/ {1, ... , /c}, /or some (ai, . . . , a^) G 
complex signs ei, . . . , efc. 



life 



and some 



We therefore see that (t>-i(z) — e,- °^ , so that for each 7i G N, we have 
in view of 1I2T]): 



1 



1 1 



1 



c. 

yl+(Tfe) 



Lemma[9]now implies that aj — 0, j = 1, . . . , k, so that 4>j{z) — ^j^aij), and 
this ends the Proof of Theorem [iTJ □ 

We now consider the Wiener algebra A+(T°°) in countably many variables. 
It will be convenient to consider holomorphic functions on the open unit ball 
B = D°° n Co of the Banach space cq of sequences z = (z„)„^i tending to zero 
at infinity, with its natural norm ||2:|j = sup^^i |z„|. We then have the following 
extension of Cartan's Lemma [121 to the case of B, which is due to Harris ([9]): 

Lemma 13 (Analytic Banach-Stone Theorem). The analytic automor- 
phisms (f). B ^ B are exactly the maps of the form (j) — i(t'j)j^i, with 4>j{z) = 
for some permutation a offi, some point a = (aj)j^i £ B, and 



l-ajZ<,(j) 

some sequence of complex signs. 



Recall that the Hnear Banach-Stone Theorem states : if i: cq ^ cq is a 
surjective isometry fixing the origin, then L has the form: 

L(zi, . . . , Z„, . . .) = (eiZcr(i), . . . , enZcr(n), ■ ■ ■)■ 



15 



If we want to exploit Lemma [13] for describing the composition automor- 
phisms of A~^(T°°), we have to make an extra assumption, the reason for which 
is the following: if is an automorphism of v4+(T°°), then (j) is an automor- 
phism of D , but there is no reason, a priori, why (j) should be an automorphism 
of B. 

Theorem 14 Let 4> = {4>j)j'- B ^ B he an analytic map such that maps 
A+{T°°) into itself. Then : 

(a) If 4>{z) — (ej^(T(j))j>i for some permutation a of N and some sequence 
of complex signs, then is an automorphism 0/ A+(T°°), and it 
is isometric. 

(h) If is an automorphism of ^+(T°°) and if we moreover assume that 
(f)k{z) — Zf,''uk{z), with dk ^ 1 and Uk{0) ^ 0, for each fc e N and each 
z £ B, then (j){z) — {tjZj)j^i for some sequence {ej)j^i of complex signs. 

Proof, (a) \s trivial. For (h), consider the compact set K — D°°, endowed with 
the product topology {K is nothing but the spectrum of A"*" (T°° ) ) ; clearly, B is 
dense in if, and since 0j = C^{zj) G A+(T°°), 0^ : B ^ D extends continuously 
to K, and (j> — {4>j)j extends continuously to a map, still denoted by 4>, from K 
to K, and we still can write, for every A: € N, 0fe(z) = z'^''Uk{z) for each z e if . 
Exactly as in the Proof of Theorem [TTl we can show that is bijective, since K 
is the spectrum of A'^{T°°). Let now ^: K ^ K he the inverse map of 0. Since 
K is compact, V is continuous on K, and so on B; it is then easy to see, as 
usual, that is holomorphic in B (alternatively, ipk = {C^)~^{zk) € A~^(T°°), 
and so is analytic in D°°, and it is clear that = ('0fc)fe)- 

Now, it suffices to show that ip maps B into B; indeed, it will follow that 4> 
maps B onto B, and so the map (f) will appear as an analytic automorphism of B 
(since we already know that ip — is analytic in B), and LemmafTSlshows that 
(/>j(z) has the form £3 1-^""", • Now, ||0"|U+(t~) = I|C0^")II^+(t~) ^ H*^^!!' 
and as in the Proof of Theorem [TTl we shall conclude that aj — for each j. 
Finally, the assumption (pkiz) = ZjJ'Uk{z) for each k will imply that a is the 
identity map. 

So we have to show that ?/'(B) C B. If it were not the case, it would exist 
an element w = {wj)j £ B such that iplw) ^ B. Hence there would exist S > 
and an infinite subset J C N such that 

\^pj{w)\ > S for every j G J. (22) 

Let 6' = S/\\C^\\. 

Since w e B, we should find an integer TV > 1 such that 

n^N ^ |w„| < (5'. 

Let K — maxi^n^jv Since k < 1, there would exist 1 such that < 5' . 
Consider the finite set: 

F = {a= (mi, . . . ,TOAr, 0, . . .) ; mi -I h tun < p}- 
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We assert that: 

F intersects the spectrum of ipj for every j G J. (23) 

Indeed, writing: 

V'j(^) = ^0,3(^1^ ...,nk,0,.. O^r' • --^k"' 

we have: 

• if a = (jii, ...,«;,...) with I > N and n; 7^ 0, then \wi \ ^ S' , and so: 

• if ni + • • • npf ^ p, then: 

• • •iL'^^K s; < s'. 

Hence, in both cases, a ^ F impHes |it;"| < 6' . Therefore, if F does not intersect 
the spectrum of we get: 

(since H^AjlU+CT^) = IIC-^l^jOIU+CT-) IICvll I|2jIU+(t~) = IICvID) which con- 
tradicts (|22l) . 

To end the proof, remark now that the assumption (pkiz) — z'^''Uk{z) for 
every k £N impHes that: 

zk = 0fc[^(z)] = [Mz)]''''ukmz)]- 

But this is impossible, since J is infinite and, for k £ J, tpk{z) depends on 
{zi, . . . , zjy), and hence ^fc['(/'(z)] = [tpk{z)]'^''Uk['4'{z)] also (since dk ^ I and 
Uk{0) + 0). 

That ends the proof of Theorem [141 D 

Remark. We shall see later, in Section 4, Theorem [211 that the converse of fa^ 
in Theorem [141 is true. 

Although Theorem [TH is not completely satisfactory, it will be sufficient for 
characterizing the composition automorphisms of the Wiener-Dirichlet algebra 
. In fact, we have: 

Theorem 15 Let C^: be a composition operator. Then is an 

automorphism of A'^ if and only if (p is a vertical translation: ^(s) — s + ir, 
where t is a real number. 
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Note that a similar result was obtained by F. Bayart [1] for the Hilbert space 
Ti,^ of square-summable Dirichlet series /(s) = YIT '^nn~'' such that < 
+00, but his proof does not seem to extend to our setting, and our strategy for 
proving Theorem [15] will be to deduce it from Theorem [HI with the help of the 
transfer operator A mentioned in the Introduction. The following Lemma (with 
the notation used in the Introduction) allows the transfer from composition 
operators on to composition operators on ^+(T°°). 

Lemma 16 Suppose that : A'^ .4+ is a composition operator, with (f){s) = 
cos + ip{s), Co eNo,ipe V. Let T = AC^A'^ : A+{T°°) -> A+{T°°). Then: 

(a) T = C'^, where 4>: B ^ is an analytic map such that ^(z'*') = z''^'-*^!, 
for any s e Cq. 

(b) If moreover cq ^ 1 (which is the case if is surjective), (f) maps B into 
B. 

Proof, (a) Define /fc(s) = p'^'^'^ e A+ , = A/fc and 

0= (01,02,...)- (24) 

We have 

0(zW) = (AA(zW))fe^i = {fk{s))k^i = 

by H]), and |j0fc||oo — ||/fc||oo ^ 1 by Moreover, no <f)k is constant, so the 
open mapping theorem implies that |0fe(z)| < 1 for z e B, i.e. 4>[z) € 
Finally, if f{z) = Y."^^^ a^^^ ...z^- € A+(T°°) (where n = p'^\ ..p^- is the 
decomposition in prime factors) , we have the following "diagram": 

00 00 00 



Tl=l ri=l n— 1 



/ > a„n-^^> a„/r.../^^> a„0r ■■■C" =/' 



i.e. Tif) = C^if). 

(b) First observe that C^p also maps A~^ into A'^ (see the remark before 
Corollary [5]) . Secondly, we have fk{s) = Pk''°^Pk'^^^^ = Pk""" 9k{s) , with gk € 
A+ and \\gk\\A+ = \\Cp{pl'')\\A+ C. It follows that, for z e B : Afk{z) = 
z^" Agk{z), and via ^ that: 

\Afk{z)\ < \zkn\Agk\\oo = \zkn\gk\\oo ^ \zkn\9k\\A+ ^ c\zkr. 

Since cg ^ 1, we see that Afk{z) — > as A: ^ 00, i.e. (j){z) G B. Finally, 
whenever is surjective, : Cq ^ Cq is injective: indeed, A'^ separates 
the points of Cq (2~" = and 3~° = S"*" imply a = b, since log 2/ log 3 is 
irrational), and we can argue as in Theorem [TTl 

To end the proof of Lemma [TBI it remains to remark that if cq = 0, is 
never injective on Cq, according to well-known results on the theory of analytic, 
almost-periodic functions (see e.g. Favard [U p. 13]). Therefore, we have cq ^ 1 
if is surjective. □ 
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Proof of Theorem 1151 The sufficiency of the condition is trivial. Conversely, 
if Gcf, is an automorphism of ^ let = AC^A"^, as in Lemma [TBI Since 

Ccj, is surjective, we know from Lemma [16] that (j) maps B into B; we can 
apply Theorem [TH because is an automorphism of ^+(T°°) onto itself and 

moreover (j)k{z) = Afk{z) = zl°Agk{z), with co > 1 (by Lemma flGl again) and 
Agfc(O) = lim gk{s) = lim p^^^^^ = ^ 0. 

Tees — > + oo T^e s — *+oc 

We conclude that: 

^(z) = (eizi, . . . ,e„z„, . . .), (25) 

for some sequence of signs (£«)„, where z = (zi, . . . , 2„, . . .). 

If we now test this equality at the points z^"! — {pj'^)j, s e Co, and use ([T]), 
we see that 

Pj"^^'^ ='^Pr' ^eCo, jeN. (26) 

Taking the moduli in (|26l) . we get 7?.e 0(s) = 7?.e s. Since (j>(s) — s is analytic on 
the domain Co, this implies (/)(s) — s = ir, with t g E, thus ending the Proof of 
Theorem [13 □ 

4 Isometries of ^+(t'=), ^+(t°°),^+ 

In this section, we shall characterize the composition operators which are 
isometric on ^+(T'^) and then those which are isometric on A'^{T°°) (under 
an additional assumption) and on . If /(z) — ^a^z" S A~^{T''), it will be 

convenient to note Oq — f{a). The spectrum of / (denoted by Spf ) is the set of 

^ }^ 

a's such that /(a) 7^ 0. e will denote the point (1, . . . , 1) of D . An elaboration 

of the method of Harzallah [14] allows us to show: 

Theorem 17 Assume that cj) = {<pj)j : D'^ ^ D , induces a composition oper- 
ator C4,: A+iT'') A+{T''). Then C4,: A+{J^) -> A+{T^) is an isometry if 
and only if there exists a square matrix A — {aij)is^ij<^k, with aij G No and 
detA 7^ 0, and complex signs ei, . . . , such that: 

(l),{z) ^ uzl^' . . . zl^" , Is^is^/c, z= (zi,...,zfc) e D*^. (27) 

To prove this theorem, it will be convenient to use the following two Lemmas. 

Lemma 18 is an isometry if and only if: 

(a) 4>i — eiFi, \ ^ i ^ k, where is a complex sign, Fi ^ 0, and Fi{e) = 
ll^^^lloo = 1; 

(h) if a, a' G Nq are distinct, the spectra of (j)" and (j)" are disjoint. 
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Proof. Suppose that (a) and (b) hold, and let f{z) = Y,f{a)z'^ e A+{T^). 
We have by (h): 

l|C^/IU+(T^) = E ll'/'"IU+(T^) = E ll^"IU+(T'=)' 

since, with the obvious notation, = e"F". Since -F" ^ 0, we have, using 
(a): 

||i^"|U+(T.)=i^"(e) = l, 

so that: 

l|C0/IU+(Tfc) = E = ll/IU+(T'=)- 

Conversely, suppose that C<^ is an isometry. For each i € [1, fc] and each n G 
N, we have ||?!'"|U+(Tfe) = IKIU+ct*") = 1, whence ||<?!)i||oo = }}i^\\^i\\A+{T') = 
1, by the spectral radius formula. Since ||^!>j||oo ^ ||?^i|U+(T'^) = li the only 
possibility is that (fii = eiFi, with |e,;| = 1, Fi ^ 0, and ||(/>i|| ^+(7*=) = 1 = 
||-F^i|U+(T'') = -Pi(e)- Therefore, (a) holds. Now suppose that we can find o! 
such that (/)" n 0" contains an element /3o G Ng, and set p = 0"(/3o), p' = 
4'"' (M- Without loss of generality, we may assume that |p| ^ \p'j. Let ^ be a 
complex sign such that \p+6p'\ = — Then, we have \\z°'+6z°' \\a+{i:'') = 2, 
whereas 

\\C^{Z" + 0Z^')\\A+iT^) = \\r + or lU+CT'.) 

= E \^{fi)+0p{m + \p + Sp'\ 

^ E E \f'm + \p\-\p'\ 

= 1 - IpI + 1 - \p'\ + \p\ - \p'\ = 2(1 - \p'\) < 2, 

contradicting the isometric character of C^. □ 

Lemma 19 If (j) = {<Pi)i o.^'d if one of the (pi 's is not a monomial, then we can 
find a pair of distinct elements a, a' € Ng such that the spectra of (p" and (jf 
intersect. 

Proof. To avoid awkward notation, we will assume that k = i, but it will be 
clear that the reasoning works for any value of k. Since only the spectra of the 
0i's are involved, we can assume without loss of generality that we have: 

(j)i{z) = zl^ z^'' z^^^ + zl"- z^^ zl , with (si,S2,S3) 7^ (ii,i2,i3), 

Uz) = zl^zl^zl^ 
(in short, (t)i{z) = z' + 2*; (t)2{z) = z"; M^) = z""). 
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If a = (a, b, c), the spectrum of cj)" = {z" + z^')"'z^'^z™ consists of the triples 

psj + (a — p)tj + buj + cvj = p{sj — tj) + atj + buj + cvj, 

with i — 1, 2, 3 and < p ^ a. Therefore, if a' = (a', 6', c'), the spectra of 0" 
and 0" will intersect if and only if we can find ^ p ^ a and ^ p' ^ a' such 
that: 

p{sj — tj) + atj + buj + ctij = /9'(sj — tj) + a'<j + b'uj + c'wj, j = 1, 2, 3, 
or equivalently: 

[p - (!){s, - tj) + (a - a')ij + (& - - (c - c)w,, j = 1,2, 3. (28) 

In l(28|) . we can drop the conditions p ^ a, p' ^ a' , since we can always replace 
a and a' hy a + N and a' + N, where is a large integer, without affecting the 
result. Now, let M be the matrix: 



M = 



51 — tl tl Ul 

52 — t2 t2 U2 

53 - ^3 ^3 "3 



To solve equation l(28|) . we distinguish two cases. 

Case 1 : det Af = 0. 

We decide then to take c' = c. Since the field Q of rational numbers is the 
quotient field of Z, we can find \,p,v£ Z, not all zero, such that: 

\{sj — tj) + pi,j + mij = 0, j ^ 1, 2, 3. 

If p and V are both zero, then A = 0, since Sj — tj^O for some j. Therefore, we 
may assume for example that /i 7^ 0, and write A = p — p', p = a — a', v = b—b', 
with a = (a,5, c) € Nq, a' = (a',6',c') £ Nq, and a ^ a' since a 7^ a'. By 
construction, we have l(28|) . so that the spectra of and 0" are not disjoint. 
Case 2 : detM 7^ 0. 

We can then find rational numbers q, r, s such that: 

q{sj - tj) + rtj + suj = v-j, j = 1, 2, 3, 

and we can write q=j^,r— ^^,3 — jj, where X,p,v£ TL and where iV is a 
positive integer. Therefore, we have: 

A(sj — tj) + ptj + vuj = Nvj^ 1 ^ ^ 3, 

and writing X — p — p',p — a — a\v^b — b',c = Q,c' = N,we get fM)) with 
distinct triples a = {a,b,c) and a' ~ {a',b',c') of non-negative integers. Once 
again, the spectra of (j)" and 0" are not disjoint. □ 

Proof of Theorem 1171 If the condition holds, is an isometry by Lemma 

m 
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Conversely, suppose that is an isometry. Then, by LemmafTSt the spectra 
of (/)" and 0" are disjoint if a 7^ a', and by Lemma [T9l each is a monomial, 
necessarily of the form l|27p by (a) of Lemma [181 Finally, if we denote by A the 
square matrix (aij), by A* — (aji) its adjoint matrix, and if we let A, A* act 
on Z'^ by the formulas: 

A*(a)=7, (29) 
with Pi = X]j=i ^ij'^j and 7j = X]i=i ^ijO/^iy we see that: 

=0" =e"z^*("). (30) 

In fact, 

c,{z'') = n = n ( n -r^ ) " - n • 

Now, by Lemma [TSt the 0"'s have disjoint spectra, so that the A*{a)^s are 
distinct, implying det A 7^ 0. □ 

If we now turn to the case of A+(T°°), Lemma flSl clearly still holds, but 
Lemma[l9]no longer holds : for example, if /i, ...,/„,.. . are disjoint subsets of 
N, dj positive numbers such that J2 ^ij = 1, i — 1,2,... and if the map (p is 

defined by: 

(j) = where (pi{z) = ^ ajZ-j, (31) 

then is an isometry by Lemma [18] and yet no (pi is a monomial if each li has 
more than one element. We have however a weaker result: 

Theorem 20 Let c^: D ^ D be a map inducing a composition operator 
C^: A+{T°°) A+{T°°), and such that moreover 0(T°°) C T°°. Then: 

(a) There exists a matrix A — {aij)i,j^i, with aij e No and J^j'^ij < °° /o*" 
each i, and complex signs ti such that 4> = {4>i)i and 

00 

M^) = ^^l[^T'' ^-1>2,... (32) 

(b) is an isometry if and only if A* — {aji), acting on 1,^°°^ as in \29^ . is 
infective. 

Proof, (a) If we apply LemmafTOlto the (connected) group F = T°° and its dual 
G = Z(°°\ we see that for each i e N there exists Li = (aii,ai2, ■ ■ ■) & Z^°°\ 
necessarily in Nq°°\ and a complex sign such that, for each z € T°°, we have: 

(j>i{z) = €i < L^, Z > ^ EiY]^ z'^" 

j 
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(note that, for n G N, setting C = IjC^H, we have 

ll'/'"IU+(T~) = \\G,i,{z^)\\a+{t°^} < C, 
and also, since |0i(e**)| ~ 1 : 

W'f'i "IU+(T°°) = Il0j IU+(T==) = ll</'"IU+(T^) c*)- 

This proves l(32|) . 

('ft^ We know from l(30|) (which clearly still holds for fc = oo) that (p" = 
fOi^A (a)^ know from Lemma [T8l that is an isometry if and only if the 

spectra of the (/)"'s are disjoint. This gives the result. □ 

We shall prove here the announced converse of part (a) oi Theorem [141 

Theorem 21 Let (f) — {4>j)j : B ^ B he an analytic function which induces a 
composition operator on A+(T°°). // is an isometric automorphism of 
y4+(T°°), then 4>{z) = {ejZ„(^j))j, for some permutation aofN and some some 
sequence {ej)j^i of complex signs. 

Proof. It suffices to look at the proof of Theorem [lH (b): as in that proof, and 
with the same notation, it suffices to show that V'(B) ^ B; but if it is not the 
case, it follows from l(23|) . since the set J is infinite, that there exist at least two 
distinct integers ji, j2 G J such that the spectra of (pj-^ and (/ij^ are not disjoint. 
By Lemma [iHl this contradicts the isometric nature of C^. □ 

Remark. It is easy to see that the composition operator on A'^{T°°) given 
by (|3T1) does not correspond in general to a : . 
For example, if 

<^,(z) = fH!zl_iiHi, ^=1,2,..., (33) 
the equation (^(2;'*') = zl"^'^-" would give: 

P21-1 +P2i _ -Hs) „ 1 9 

2 ~ Pi I * — -L, ^, ■ ■ ■ 1 

taking equivalents of both members as s cx3 would give that 

'/'(g) ^ l0gP2^-l 

and it is impossible to have that, even for one i, since ^ cq G Nq ! 

On the other hand, the additional assumption made in Theorem [20] does 
not allow to use the Bohr's transfer operator A to characterize the isometric 
composition operators on A'^ . Nevertheless, we have: 
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Theorem 22 Let4>: Cq Co inducing a composition operator C^: . 
Then is an isometry if and only if (j){s) — cqs + it, with cq € N and t G M. 

Proof. One direction is trivial. For the other, let us introduce the following 
notation: if /(s) = YlV=i ^kk~^ G A'^ , denote by Sp f (the spectrum of /) the 
set of indices k such that Ofc ^ 0. Now, the technique of the proof of Lemma [T8l 
clearly works to show that: 

// m and n are distinct integers, the spectra of to~* and n~'^ are disjoint 

(34) 

This automatically implies co ^ 0, since, otherwise, the integer 1 would belong 
to the spectra of all the n~'^'s. Suppose now that (f) is not of the form cos + ci, 
and write: 

<j){s) — cqs + Ci + w(s), 



with: 
Then: 



^ (n^o)-*n-^iexp(-cj(s)logn) 

(— logn)*^ 



r > 2, ^ 0. 



E 

fe=i 



logn)'^ 



(c.r-^ + •••)* 



For Ties large enough, all the series involved will be absolutely convergent; 
therefore the Dirichlet series of rt""^ will be obtained by expanding [crr~'^ + - ■ ■ 
and grouping terms. In particular, the coefficient A„ of n'^«r''° in n""^ can be 
obtained only by expanding {crr~^ + ■■■)'' for k = l,...,co, so that A„ = 
P(logn), where P is a non-zero polynomial. This implies that, for large n, 
A„ 7^ 0, and {nrY° e Spn~'^. Moreover, it is clear that 1'^° G Spl~'^ for 
every positive integer /. Hence {nrY° S Spn~'^ n Sp{nr)~'^ for large n, which 
contradicts ([34l) . 

Therefore <j){s) = cqs + ci, and ci clearly has to be purely imaginary if Cf, 
is an isometry. □ 



5 Concluding remarks and questions 

Proposition [5] does not answer, in general, the natural question : if maps 

into , is it true that <j)[s) = cqs + c„n~'', with YlT I*-"! < ? 

Proposition [7] does not apply to the case of complex coefficients c^, 0^2 . Here, 
recent estimates due to Rusev [23] might help. 

The estimate ^ 6\/n of Lemma[9]is best possible. In fact (see [l4t 

p. 76]) it is fairly easy to see that ^ C^/n if = e'^ and g is C°° (say). 
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and a similar computation in dimension k (i.e. if we work with A+(T'^)) easily 
gives the estimate ||0"|| a+(t'=) ^ Cfen*^/^ if (f> — e*^ and g is C°°. It would be 
interesting to know whether the converse holds, i.e. if we have the following 
quantitative version of Lemma [9] : if = e'^, where g is a C°° , non-afRne, real 
function, then ||(/)"|U+ ^ 6n^/^ ? 

In the proof of Theorem [HI we used the fact that an analytic, almost- 
periodic, function defined on a vertical half-plane is never injective, to show 
that Co > 0, and therefore that the assumption (b) in Theorem [141 naturally 
holds. This raises two questions: 

a) Can an almost-periodic function defined only on a vertical line be injective, 
i.e. can an almost-periodic function / : R ^ C be injective? (of course, 
if / is real-valued, this is impossible: if / is injective, it is monotonic and 
therefore non almost-periodic). 

b) Can one, at the price of using a different Banach-Stone type Theorem, 
dispense with the condition 0fc(z) = z'^''uk{z), with dk ^ I and Mfe(O) ^ 
of (b) in Theorem [lH i.e. is the converse of (a) in this Theorem always 
true? 

In view of the examples l[3T|) in Section 4, a complete description of the 
isometric composition operators C^: A~^{T°°) — > A^{T°°) seems out of reach. 

We gave a proof of Theorem [221 which does not use Theorem [T7| Using this 
theorem, we can give a variant of Theorem [22j fix an integer k ^ 1, and denote 
by the subalgebra ofA^ consisting of the functions /(s) = X]p+(n)^fc o.nn~'' , 
where P^{n) denotes the largest prime factor of n. Equivalently, / € if the 
Dirichlet expansion of / only involves the primes pi, . . . ,pk. Define similarly 
the subspace Vk of V. With those definitions, we can state: 

Theorem 23 Let (f){s) — cqs -|- ip{s), ip £ V^, induce a composition operator 
Cij,: A^ A^ . Then C^: A'^ A'^ is an isometry if and only if (j>{s) = 
Cqs + IT, with Co e N and r e K. 

Proof. The sufficiency is trivial. For the necessity, define an isometry A : A^ 

A+iT") by: 

OO oo 
n—l n—1 

where n = p"^ . . .p'^'' is the decomposition of n in prime factors. Set z^"! = 
{Pi'^, ■ . ■ G D*^ and check that AC^A^^ = T is a composition operator 

C^: yl+(T'^) A+(T'^), isometric if is isometric, and such that: 

0(zW) = (35) 

We now use Theorem [T7| to conclude that (p — (0i, . . . , (/)fe), with (f>i{z) = 
eiz°" . . . z^^'' , and where aii,...,aifc are non-negative integers. Exactly as 
in the Proof of Theorem [ll], we then conclude that (/)(s) — cqs + ir. □ 
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In the next Theorem, we shall see that there are few composition operators 
whose symbols preserve the boundary zK. 

Theorem 24 Let4>: Co Co inducing a composition operator C^: A'^ , 
and such that moreover 4> has a continuous extension to Co, preserving the 
boundary of Cq, i.e. 0(iR) C iR. Then 4>{s) — cqs + ir, where cq G Nq and 
T G M. 

Proof. Let (j) be associated with (p as in Theorem [TTJ By continuity, the 
equation = zl'*^")], s G Co, still holds for s = it, t G M, to give 

4'{ip~j^^)j) = (jPj and so 0(T°°) C T°° since, by the Kronecker Approxi- 

mation Theorem and the definition of the product topology on T°°, the points 
{p~'^)j, t G M, are dense in T°°. Now, by Theorem [20l we have in particular 

(j) = {4>i)i, with 

0i(z) = eiz^"...z,"", 

for some complex sign ei and some integer k. In particular, the equation 

<^(zW) = zl'*^")] implies that: 

ei(prr"...(prr- =P^*^'\ 5GCo. 

Passing to the moduli gives TZe (t){s) = cTZe s, with c — X]j=i '^iJlsfpT' 

Theorefore, (/)(s) — cs = it, t ^ R, and we know that c = co is necessarily 
an integer. □ 
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